Recent advances in breast cancer imaging have generated new ways to characterize the disease. Many analysis techniques require a method for determining correspondence between a pendant breast surface before and after a deformation. In this paper, an automated point correspondence method that uses the surface Laplacian or the diffusion equation coupled to an isocontour matching and interpolation scheme are presented. This method is compared to a TPS interpolation of surface displacements tracked by fiducial markers. The correspondence methods are tested on two realistic finite element simulations of a breast deformation and on a breast phantom. The Laplace correspondence method resulted in a mean TRE ranging from 1.0 to 7.7 mm for deformations ranging from 13 to 33 mm, outperforming the diffusion method. The TPS method, in part because it utilizes fiducial information, performed better than the Laplace method, with mean TRE ranging from 0.3 to 1.9 mm for the same range of deformations. The Laplace and TPS methods have the potential to be used by analyses requiring point correspondence between deforming surfaces.
INTRODUCTION
As breast cancer is estimated to kill over 40,000 women and be diagnosed in more than 178,000 in 2007 [1] , the detection and treatment of breast cancer is an important area of scientific research. Many novel techniques to aid in tumor detection are being developed that exploit the difference in physical properties between healthy and cancerous tissue. Some of these techniques measure the optical, electrical, or elastic properties of tissue, including near-infrared tomography [6] , electrical impendence tomography (EIT) [7] , ultrasound elastography (USE) [8] , magnetic resonance elastography (MRE) [9] , and in particular, modality-independent elastography (MIE) [2, 3] .
MIE is a reconstruction algorithm for elasticity imaging that can be used for detecting breast tumors. It involves imaging a pendent breast before and after a compression and using these images to reconstruct the elastic properties of the tissue using a nonlinear optimization framework, computer models of soft-tissue deformation, and standard measures of image similarity. Unique to MIE is its ability to utilize images from any modality such as MRI or CT, as well as its usage of image similarity measures that make direct displacement measurements unnecessary.
One requirement of MIE is an automated method of finding point correspondence between the pendent breast surfaces before and after compression, needed to specify the boundary conditions for the elasticity model. As the breast is composed of soft tissue that deforms non-rigidly, standard rigid registration methods cannot be applied. Previous work in non-rigid registration includes using splines and FEM models [11] , as well as point-based methods such as the symmetric closest point (SCP) algorithm [10] .
In this paper, two automated methods that use the Laplace and diffusion equations to establish point correspondence between deformed breast surfaces were developed and compared to a standard thin-plate spline (TPS) interpolation method [4] .
METHODOLOGY

Laplace and diffusion methods of finding point correspondence
A major investigative task of this work was to evaluate whether the energy distributions modeled by a partial differential equation (PDE) over an undeformed (source) surface and a deformed (target) surface can be used to find the correspondence between the two surfaces. In this method, the Laplace and diffusion equations were independently solved over the source and target meshes using the finite element method (FEM). Laplace's equation is most commonly used to describe potential flow problems such as in thermal, fluid, and electrostatic systems and is given by (1) where represents the potential and describes the spatially varying conductivity. The diffusion equation which allows a time-varying potential is given by (2) where represents the potential and is the diffusion coefficient. Let source refer to the solution to the Laplace or diffusion equation over the source surface, and let target refer to the solution over the target. The basic premise is that the potential field distributed over the source and target surfaces as calculated by the Laplace or diffusion equation will provide information about the correspondence between the source and target surfaces.
To solve the equations, Dirichlet boundary conditions were set to simulate potential flow from the nipple area to the chest wall over the surface of a pendent breast (specifically, nodes in the nipple and chestwall area were given boundary values of 1 and 0, respectively). To solve equation 1, a Galerkin finite element method is used whereby the equations are expressed along the surface orientation ( =1). To solve equation 2, a similar scheme was used for handling the spatial component of the PDE and a fully implicit backwards Euler scheme was used for time-stepping. In the case of equation 2, a no-flux condition was prescribed at the chest wall, and the potential field was allowed to propagate from the nipple ( =1). In this calculation, time-stepping was stopped once the potential field reached the chest wall.
After the Laplace or diffusion equation was solved over the source and target surfaces, the solutions were used to establish correspondence between the source and target nodes.
This involved two distinct processes: finding correspondence between isocontours of source and target and then "interpolating" that correspondence back to every source node on the mesh. In the first step, isocontours were extracted from source and target for a set of selected isovalues. The correspondence between the source and target isocontours was determined by aligning the contours by their centroids and using the SCP algorithm. In the second step, the displacement vectors at the source isocontours were interpolated to all source nodes using a thin-plate spline. The final correspondence was found by adding these displacements to the source nodes to get the location of the corresponding point on the target surface.
The method can be summarized in the following steps:
1. Obtain the undeformed source mesh and deformed target mesh that define a breast surface before and after deformation. 2. Assign boundary conditions at nipple and/or chest wall nodes. 3. Solve PDE (diffusion or Laplace) over the source and target meshes using FEM. 4. Extract isocontours on the source and target surfaces. 5. Determine point correspondence between source and target isocontours using SCP. 6. Interpolate displacements at source isocontours to all source nodes.
Using thin-plate spline interpolation to find point correspondence
One advantage of the PDE-based correspondence methods is that they do not explicitly rely on external markers to constrain the matching process. However, when real-world data is acquired, fiducials are anticipated to be available. Therefore, TPS interpolation is another method that can be used to find point correspondence [4] . Although there are many different methods for interpolation, including polynomial splines and B-splines [11] , TPS interpolation was chosen in part because it does not require a regular grid, the effects of changing a control point are localized, and it is a standard // 1, method that has been successfully used in many non-rigid registration applications. In the simulation experiments described below, TPS interpolation was used to find point correspondence by choosing 40 points on the source surface to act as fiducials. The known displacements at these nodes were then interpolated to all surface nodes using TPS.
The Laplace, diffusion, and TPS methods for finding point correspondence described above were tested on two simulation data sets and a breast phantom.
Simulation experiments
To perform a controlled test of the methods described above on a breast-shaped surface, a CT image volume of a pendant breast (courtesy of the Dept. of Radiology, University of California-Davis) was segmented to create a source surface consisting of 6,313 points. Two types of deformations were simulated by assuming different contact geometries of an air bladder being inflated against the breast surface. Circular and rectangular cross-sectional areas of a Gaussian stress distribution positioned along the lateral aspect of the breast were used to define Type 2 boundary conditions for a finite element-based deformation; the base was made to be affixed to the chest wall. The displacement solutions, based on a three-dimensional linear elastic model of a Hookean solid, were applied to create the target surfaces for the two simulations ( Figure 1 generated from first simulation using circular cross-section of a Gaussian stress distribution. (c) Target surface generated from second simulation using rectangular cross-section of a Gaussian stress distribution. The correspondence between the source and target surfaces was determined using the Laplace, diffusion, and TPS methods.
Phantom experiments
A breast phantom was constructed to test the point correspondence methods with real-world data. The phantom was fabricated from an 8% w/v solution of polyvinyl alcohol that was frozen in the upper half of a 2-liter beverage container for 16 hours. After 8 hours of thawing, thirty-four 1-mm stainless steel ball bearings were implanted directly under the surface of the resulting cryogel to act as fiducials.
The phantom was then imaged inside a custom-built rectangular chamber designed to deliver compression by means of an air bladder placed against the surface of the phantom (Figure 2 ). CT images (512 x 512 x 174, 0.54 x 0.54 x 1 mm voxel spacing) were acquired with the phantom at three different states of mechanical deformation (undeformed, 50% of maximum bladder pressure, and full inflation). Triangular surface meshes were obtained by semi-automatic segmentation of the image volumes using the surface extraction tools in ANALYZE 6.0 (Mayo Clinic, Rochester, MN), and the coordinates of the fiducial centroids were localized. These meshes contained approximately 8127, 6777, and 8260 nodes, respectively. Experimental system for image data acquisition. A polyvinyl alcohol cryogel is placed within a Plexiglas chamber with its surfaces held in place against the walls. Compression is delivered through an air bladder (arrow) inflated manually through a bulb adapted from a standard sphygmomanometer.
The Laplace, diffusion, and TPS methods were tested on the phantom surface meshes. For the TPS method, 30 of the fiducials was used in the interpolation and the four remaining fiducials were reserved for validation. The fiducials used in interpolation and validation were selected such that the distribution for both groups over the surface was roughly even and included the deformed region.
Validation
In order to assess the accuracy of the simulation and phantom experiments, the target registration error (TRE) was calculated. The TRE measures the error between the correspondence determined by the registration method and the true correspondence [11] . For the simulation experiments, the TRE was calculated as the Euclidean distance between the corresponding target points determined by the Laplace, diffusion, or TPS method and the true target points. Since the true correspondence between the source and target surfaces was known, the TRE was calculated for each source node, and the average and maximum were reported. For the phantom experiment, the TRE was calculated using the centroids of the bead fiducials implanted directly under the phantom surface. Since the "gold standard" correspondence was known only at the fiducials, the TRE could only be calculated at these locations.
In addition, since one crucial step in both the Laplace and diffusion methods is to find point correspondence between the source and target isocontours (step 6 of algorithm summary), we evaluated how well the SCP algorithm performed in this step for the simulation data. To accomplish this, the SCP method was given a set of source isocontours and their true corresponding target contours, and the error (the Euclidean distance between the true target point and the corresponding target point determined by SCP) was calculated.
RESULTS
Simulation 1 (circular deformation source)
The Laplace and diffusion equations were solved over the surfaces generated from simulation 1 (cranial-caudal deformation source with maximum displacement of 33 mm) to find point correspondence between the source and target breast surfaces. For comparison, TPS interpolation using 40 simulated fiducials was also used to find point correspondence. The accuracy of each method was assessed by calculating the TRE at each surface node (Figure 3 ). The results (Table 1) indicated that the Laplace method performed more accurately overall than the diffusion method; however, the area with the highest amount of error differed. When the Laplace method was used, the deformed region had the highest error, whereas when the diffusion method was used, the area farthest from the diffusion source had the highest error. (In this case, since the diffusion source was located in the nipple area, the highest error occurred in the chest wall region.) The TPS interpolation had the lowest error overall, and the error distribution over the surface was related to the locations of the simulated fiducials.
The results given above pertain to a simulated compression with a maximum displacement of approximately 33 mm.
Since this amount of compression may be larger than is needed for many applications and may introduce other unwanted effects for MIE due to non-linear elastic behavior, the point correspondence methods were also tested for lesser amounts of compression. The TRE for different amounts of compression when the Laplace method was used to find point correspondence is shown in Figure 4 . The TRE appears in Figure 2 and increases linearly with more compression.
The mean and maximum error for the isocontour point correspondence determined by the SCP algorithm (detailed in methods section) was calculated ( Figure 5 ). The isocontour correspondence given by the SCP algorithm had a maximum error of about 5 mm for the maximum compression of 33 m. The TPS method resulted in the lowest error overall (mean TRE 0.4 mm), followed by the Laplace method (mean TRE 2.3 mm) and diffusion method (max TRE 4.5 mm). The highest TRE is found in the deformed region when the Laplace method is used and in the base when the diffusion method is used. 
Simulation 2 (rectangular deformation source)
When the Laplace, diffusion, and TPS interpolation methods were used to find point correspondence between the breast surfaces generated by simulation 2 (a more realistic simulation using a rectangular deformation source with a maximum displacement of 13 mm), the results ( Figure 6 ) were very similar to those from simulation 1. However, the TRE for all three methods (Table 1) 
Phantom
The Laplace and diffusion methods were used to determine point correspondence between the noncompressed and compressed surfaces of a breast phantom. The results were validated by calculating the TRE at 34 fiducials located directly below the surface of the phantom. For comparison, TPS was used to interpolate the displacements of 30 fiducials to all surface nodes, and the TRE was calculated using the 4 remaining fiducials.
The results for a 50 and 100% compression (with a maximum displacements of about 20mm and 36 mm, respectively) are shown in Table 2 . As in the simulations, the Laplace method performed better overall than the diffusion method and had lower TRE. The TRE for the TPS interpolation was lower than that for the Laplace and diffusion methods, but varied with the number and locations of fiducials used in the interpolation. 
DISCUSSION
Of the three registration methods evaluated, the TPS method consistently outperformed the Laplace and diffusion methods and had the lowest error for both the simulation and phantom experiments. However, it is important to note that a comparison of the PDE-based methods and the TPS method is not entirely equal since the TPS method relies on fiducial information that the Laplace and diffusion methods do not require. The performance of the TPS method is dependent on both the number and placement of these fiducials. These results indicate that 30-40 fiducials with an even distribution over the surface should be sufficient to register surfaces (with 13-33 mm deformations) with mean TRE ranging from 0.3 to 1.9 mm. Although further studies are needed to determine the optimal number and placement of fiducials, experience suggests that increasing the number of fiducials in the areas with greatest deformation increases registration accuracy, and conversely, lowering the number of fiducials in those areas causes a significant decrease in accuracy.
The results indicate that the Laplace method is a useable surface registration method. Although the Laplace method did not perform as accurately as the TPS method, it has the advantage of not requiring fiducial information. However, one of the challenges of the Laplace method is determining the regions to which boundary conditions are assigned. Accurate selection of these regions is important because the implicit correspondence between these regions is used by the Laplace equation to obtain the correspondence for the rest of the surface. For these studies, the nipple region and the chest wall boundary regions were selected manually. Further studies may be needed to find a method to automate the selection of the boundary regions and to evaluate how error in the selection of these regions affects the final registration error.
Although the diffusion method does have certain advantages over the Laplace and TPS registration methods, several problems prevent it from becoming a viable surface registration technique. The advantages of the diffusion method are that the correspondence near to the diffusion source (in this case, the nipple) is relatively accurate. In addition, the diffusion method only requires boundary conditions to be set in one region (in this case, the nipple), unlike the Laplace method, which requires boundary conditions at two regions (nipple and chest wall base), and the TPS method, which requires multiple points of constraint (at 34 fiducials).
However, the diffusion method does not appear to be an effective surface registration method for the following reasons: the results indicate a substantial amount of error, the registration and resulting error are highly dependent on the diffusion parameters chosen (time step and final time in particular), and the diffusion parameters must be manually adjusted for each different surface mesh since there is no automated method to find the optimal diffusion parameters. Since the diffusion described by the PDE is by definition a non steady-state process, an optimal registration requires that the diffusion front should travel over the entire surface between the nipple and base and stop at the base in order to assure correspondence for as much as the surface as possible. If the parameters are chosen such that the diffusion front does not reach the base, the correspondence for the regions not reached by the diffusion front cannot be constrained and must be interpolated from the displacements of the surrounding regions. Conversely, if the diffusion front travels for too long a time, the solution over the surface approaches saturation, resulting in a flat gradient and lack of isocontours from which to establish correspondence. Various modifications to the diffusion method employing curvature information and using different diffusion coefficients were tested, but none were successful. Therefore, the sensitivity of the diffusion method to parameters and substantial amount of error may prevent the diffusion method from being a viable surface registration method.
The TRE measured for each registration technique is not only dependent on the factors described above, but also on the amount of deformation of the target surface. The results suggest that the TRE increases roughly linearly with the amount of deformation. Using the simulation and phantom data presented here, one may be able to estimate the range of error expected when one of the described methods is used to register breast surfaces with a particular amount of compression. Conversely, the maximum amount of compression that will yield a registration within a given error bound can be roughly estimated. For the purposes of MIE, realistic compressions will be in the range of 1-2 cm.
Another factor related to the amount of compression is the distribution of TRE over the surface. The TRE was not evenly distributed; rather, the TRE in the areas of greatest deformation tended to be higher than the TRE elsewhere. Therefore, the mean TRE is not necessarily the best measure of the TRE over the surface; the max TRE may reflect the error in the deformed regions more accurately.
In addition to the evaluation of the three registration methods, the performance of the SCP algorithm was evaluated since the matching of the isocontours extracted from the source and target surface is a crucial step of the PDE-based registration methods. The results indicate that the amount of error the SCP algorithm contributes to the Laplace and diffusion methods is less significant small when compared to the total TRE (Figure 2 ) but is not negligible.
In comparison to previous studies, the Laplace method outperformed the modified SCP method implemented by Schuler, et al. The data generated by first simulation described in this paper was also used to test the modified SCP method, and whereas the Laplace method had a maximum error of 14.6 mm for a deformation of 33 mm, the modified SCP method had a maximum error of 27.8 mm [5] .
MIE is one application that may use the registration methods described in this paper, in this case to determine boundary conditions for its elasticity model. Preliminary studies indicate that TPS is the most viable registration method, the error of which is within the bounds required for a successful elasticity reconstruction (approximately 0.3 mm). The mean error for the Laplace registration method exceeds MIE's error bounds, and although the target boundary conditions produced the Laplace method resulted in a viable mesh, the resulting elasticity reconstruction contained a considerable amount of error. The diffusion method could not be used in conjunction with MIE because of the extreme distortion of the target finite element mesh generated from the surface registration.
CONCLUSION
The results of the simulation and phantom experiments indicate that while TPS interpolation is the most accurate surface registration method of those evaluated, the Laplace method is a viable surface registration technique if fiducials are not available. Although the TPS method consistently outperformed the Laplace method, its performance is dependent on the number and distribution of fiducials available. Both the Laplace and TPS methods have been used in MIE to register breast surfaces in order to determine boundary conditions for its elasticity model. In addition to MIE, the Laplace and TPS methods also have potential to be used for non-rigid registration in more general applications.
